Maximal total absolute displacement of a permutation  by Mitchell, Lon H.
Discrete Mathematics 274 (2004) 319–321
www.elsevier.com/locate/disc
Note
Maximal total absolute displacement
of a permutation
Lon H. Mitchell
Department of Mathematics, The University of Kansas, Lawrence,
KS 66045, USA
Received 20 November 2000; received in revised form 14 November 2002; accepted 16 April 2003
Abstract
We determine those permutations that have maximal absolute total displacement on a +nite
subset of real numbers, and give some corollaries.
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1. Introduction
Consider the following problem: you wish to compare an expert’s ranking of a list
of items, or a subset thereof, to that of an amateur. One approach would be to sum the
di9erences of the individual rankings. Under such a system, we determine the largest
sum possible.
Denition 1.1 (Aitken [1]). Let SN be the set of permutations on a +nite set N ⊂ R.
For a given permutation ∈ SN , the total absolute displacement of N by , written
‖(N )‖, is given by
∑
i∈N
|(i)− i|: (1)
Denition 1.2. Given a permutation , de+ne the sets N+ ={n∈N |(n)−n¿ 0}; N− =
{n∈Nk |(n)− n¡ 0}, and N 0 = {n∈Nk |(n)− n=0}. Note that an element in N 0 is
said to be +xed by , and that N+ ; N
−
 , and N
0
 partition N .
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Remark 1.3. For a +nite set N ⊂ R; ∑N ((i) − i) = 0. Thus ‖(N+ )‖ = ‖(N− )‖
and ‖(N )‖= 2‖(N+ )‖.
Denition 1.4. Given a +nite set N ⊂ R, let SN (a; b) be the set {∈ SN | |N+ | =
a; |N− |= b}. Also de+ne MN (a; b) = max∈SN (a;b)‖(N )‖.
2. Maximal absolute total displacement
Theorem 2.1. Given a 1nite set N ⊂ R; |N | = n, and a; b∈N such that a¿ b and
a+ b¡n, we have
(1) MN (a; b) =MN (b; a).
(2) MN (a; b− 1)6MN (a; b).
(3) MN (a; b) =MN (a+ 1; b).
Proof. (1) ‖(N )‖= ‖−1(N )‖ for all .
(2) Since a¿b− 1, given ∈ SN (a; b− 1), there exists a cycle (a1 : : : ar)∈  with
r¿ 3 and an i such that ai; ai+1 ∈N+ . De+ne a map SN (a; b− 1) → SN (a; b);  	→ ′,
that sends
· · · (a1 : : : ar) · · · → · · · (a1 : : : ai ai+2 : : : ar)(ai+1x) · · · ;
where x∈N 0 (that is,  and ′ may di9er only on the ai and x). We then have
‖′(N )‖¿ ‖(N )‖ for all  and MN (a; b− 1)6MN (a; b).
(3) Since a+ 1¿b, given ∈ SN (a+ 1; b), there exists a cycle (a1 : : : ar)∈  with
r¿ 3 and an i such that ai; ai+1 ∈N+ . Take = · · · (a1 : : : ar) · · · to ′= · · · (a1 : : : aiai+2
: : : ar)(ai+1) · · ·. Then ‖′(N )‖= ‖(N )‖ and MN (a; b)¿MN (a+ 1; b).
Given ∈ SN (a; b), there exists a cycle (a1 : : : ar) with r¿ 2; x∈N 0 , and i such
that ai ¡x¡ai+1; ai ¿ai+1¿x, or x¿ai ¿ai+1. Take  = · · · (a1 : : : ar) · · · to ′,
where ′= · · · (a1 : : : ai x ai+1 : : : ar). Then ‖′(N )‖6 ‖(N )‖ and MN (a; b)6MN (a+
1; b).
Theorem 2.2. For permutations  on N = {a1¡ · · ·¡ak} ⊂ R,
max

‖(N )‖= 2
k=2∑
i=1
(ak+1−i − ai):
Proof. By de+nition, we have ‖(N+ )‖=
∑
ai∈(N+ ) ai −
∑
ai∈N+ ai. By Remark 1.3,
max‖(N )‖ = 2max ‖(N+ )‖. Using the technique of the proof of Theorem 2.1,
(N+ ) = N− implies ‖(N )‖ is not maximal. Also from Theorem 2.1, max{a+b6k}
MN (a; b)=MN (k=2; k=2). Thus ‖(N+ )‖ is maximized when N+ ={ai ∈N |i6 k=2}
and N− = {ai ∈N |i¿ (k + 1)=2}.
Corollary 2.3. For permutations  on N={n; n+1; : : : ; n+k−1} ⊂ R; max ‖(N )‖=
k2=2.
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Corollary 2.4. For permutations  on the 1rst k natural numbers, Nk , that 1x ele-
ments ar ¡ar−1¡ · · ·¡a1¡ (k+1)=2¡b1¡b2¡ · · ·¡br; max ‖(Nk)‖=k2=2−
2
∑r
i=1(bi − ai).
Corollary 2.5. MNk (a; a) = 2a(k − a).
Theorem 2.6. Given a non-negative even number a6 k2=2, there exists ∈ SNk such
that ‖(Nk)‖= a.
Proof. Induct on k. Trivially true if k = 1, and easy if k = 2. Suppose true for k = n.
If a6 n2=2, by hypothesis there exists ∈ SNn with ‖(Nn)‖ = a. Take ′(1) =
1; ′(n+2)= n+2, and ′(i)=(i− 1)+1 otherwise. Else a=2((n+2)− 1)+ b. By
hypothesis there exists ∈ SNn with ‖(Nn)‖= b. Take ′(1) = n+ 2; ′(n+ 2) = 1,
and ′(i) = (i − 1) + 1 otherwise. Then ‖′(Nn+2)‖= a.
Remark 2.7. With SN the set of permutations on N = {a1¡ · · ·¡ak} ⊂ R, pick a
permutation ∈ SN at random. As 2(k − 1)! permutations take ai to aj or aj to ai, the
expected value of the total absolute displacement is E[‖(N )‖] = (2=k)∑i¡j (aj − ai).
For N =Nk , this is (k2 − 1)=3.
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